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WAVES ON THE FREE SURFACE OF A TWO-PHASE MEDIUM

V. A. Barinov and N. N. Butakova UDC 532.59: 532.547

A boundary-value problem is posed to determine the wave motion caused by propagation of a gravity
wave on the free surface of a layer of a two-phase medium. The problem is solved analytically in
the linear approzimation. The shape of the free surface, the phase velocity, and the frequency and
damping factor of the wave are determined. An example of the solution of the problem is given.

Investigation of propagation of surface waves over a layer of a two-phase (disperse) liquid is of both theoretical
and practical interest. The results of these investigations can be used to study the influence of admixtures on wave
parameters. This influence on propagation of near-shore waves is described in [1]. At the same time, the study of
the wave motion of a disperse liquid mixture allows one to extend the area of applicability of the theory of surface
waves and also the dynamic theory of two-phase media. Lobov et al. [2] examined standing monochromatic waves
on the interface of liquid layers and a mixture of this liquid with solid particles in the linear approximation and
numerically determined the conditions of stability of this surface.

The objective of the present work is to study the influence of admixtures on wave propagation over the free
surface of a two-phase medium.

1. Physical Model. We consider a layer of a disperse liquid mixture of constant thickness, which is
located on a solid horizontal base. From above, the layer borders upon a medium of negligibly low density, which
is characterized by a constant pressure Py, (in particular, atmospheric). It is assumed that the carrier phase is an
ideal incompressible liquid whose viscosity can be manifested only on the interface; the disperse phase consists of
undeformable particles of identical size. There is no heat and mass transfer through the free surface and between
the phases. The motion of such a two-phase medium is described by two-velocity equations of conservation of mass
and momentum [3]:

Op; . dv; ;
8;: + div(psv;) = 0, pi d_tz = —q;VP; + (1) Rajaz(vi — v2) + pig,
1.1
a; +as =1, pi = aip?, p? =const, ¢=1,2. (L.1)

Here the subscripts ¢« = 1 and 2 refer to quantities that characterize the carrier and disperse phases, respectively, o,
v;, P;, pi, and p? are the volume concentration, velocity, pressure, and reduced and true densities of the ith phase,
respectively, and g is the acceleration of gravity. The coefficient R(a,n) characterizes the interphase interaction.
For instance, if we take into account only the Stokes force of viscous friction, we have R = an/a?, where 7 is the
dynamic viscosity of the liquid, a is the characteristic particle size, and & is the empirical coefficient of interphase
friction (in the case of spherical particles, & = 9/2). If several forces of interphase interaction are taken into account,
the coefficient R is equal to the sum of the corresponding coefficients.

We introduce a Cartesian coordinate system where the undisturbed surface coincides with the plane z = 0.
The bottom surface is z = —[ (I is the thickness of the layer of the mixture); the z axis and the vector g have the
opposite directions. For system (1.1) to describe the wave motion of the mixture, it should be written for reduced
pressures of the phases: pressure perturbations caused by wave propagation [4]. Assuming that the medium is
at rest in the absence of the wave and using Egs. (1.1) for v; = 0 and the condition of equal pressures at the
undisturbed surface z = 0, we obtain the hydrostatic components of phase pressures Pjg = Patm — p? gz. We assume
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that phase-pressure perturbations caused by wave propagation over the free surface are identical in both phases.
Then, the phase pressures are determined as

P, =Py +p' = Pam — pigz +p' (i=1, 2), (1.2)

where p’ is the pressure perturbation due to the wave. Substituting (1.2) into system (1.1) and taking into account
that p? is constant, we obtain a system of equations that describe the wave motion of the mixture:

day )
80; + div (av;) = 0,
(1.3)
N v+ (1R —1
pi - = —a;Vp' + (—1)"Rayas (v — va), a1 +as =1.

The theory of surface waves for one-phase liquids imposes kinematic and dynamic conditions on the free
surface z = &(t,z,y) [4]. These condition follow from the absence of the mass flux through the surface and
continuous momentum flux, respectively. We write these conditions for the case considered. The absence of the
mass flux through the part of the free surface z = «; (¢, z,y, £)&(t, ¢, y) occupied by the ith phase is written as [3]

aip] (Vin—Va) =0 or ai(vin—Va) =0,
where v; , is the normal projection of velocity of the ith phase and V;, is the normal velocity of the free surface.
Then, the absence of the mass flux through the surface z = 1€ + e = £(¢, z, y) common for both phases acquires
the form
al(vl,n - an) + 042(7]2,11 - Vn) =0
or
01Uy + agvan = V4 for z=¢&(t,z,y). (1.4)

Here a1v1 5 + @22, is the normal projection of the volume velocity of the mixture. Condition (1.4) is the kinematic
condition for the case considered. The equality of momentum fluxes on the part of the free surface z = ;£ occupied
by the ith phase is ai(p?v@n(vi,n — Vi) + P, — Patm) = 0 [3]. With allowance for the absence of the flow of the
ith phase, this equality is equivalent to «;(P; — Patm) = 0. Ignoring the normal components of viscous stresses on
interfaces, we obtain the condition a1 P; + ag Py = Paym for the common surface of the mixture z = a & + € =
&(t,x,y). Substituting relations (1.2) into this equation, we obtain the dynamic condition for the two-phase mixture:

P — (a1p? + aspy)gz =0 for z = &(t, z,y). (1.5)
The quantity P = a1 Py +ao Py = Pagm+9' — (19} + a2p9)gz is the pressure in the mixture. Therefore, the dynamic
condition can be formulated as the equality of the pressure in the mixture and the atmospheric pressure on the free
surface: P = P,gmy. Similar conditions on the interface “liquid-liquid with suspended particles” can be found in [2].
If the constant term p! is retained in the kinematic conditions, then the condition for the mixture (1.4) is formulated
for the mean-mass velocity of the mixture (p1v1 + pav2)/(p1 + p2). In this case, it follows from the solution of the
wave problem [5] that the mixture performs nondecaying wave motions with the gravity-wave frequency as an ideal
liquid.
Assuming that there is no mass flux of the mixture through the horizontal surface of the solid base, we use
the no-slip condition for each phase at the bottom [3]:

vin=0 (it=1, 2) for z=-L (1.6)

The equations in the layer of the mixture (1.3) and the boundary conditions (1.4)—(1.6) form a closed system
for the unknowns v;, a;, p’, and &.

2. Boundary-Value Problem for Plane Waves. We consider a plane—parallel wave motion of the liquid
in the plane zz. All the quantities depend only on the variables ¢, z, and z and v; = (v;,4,0,v; ). Let a wave
with a wavelength A (k = 27w/ is the wavenumber) propagate over the free surface in the positive direction of the
z axis. The wavelength is much greater than the characteristic size of the disperse-phase particles: A > a. For
system (1.3) to describe the wave motion of the mixture, we introduce a wave perturbation of concentration of the
disperse phase

a;=1—ag—d(t,z2), as = ag + o (t, 2, 2). (2.1)

Here ap and o’ are the concentration of the disperse phase in the quiescent layer of the mixture and its wave
perturbation, respectively. We assume that the disperse phase is uniformly distributed in the undisturbed layer of
the mixture, i.e., ay = const. Then, to determine the unknown «; and s, one has to find o' (¢, z, z).

013



We introduce the following dimensionless variables and quantities:
t" =ket, z*=kx, 2"*=kz, (=k& h=kl, (2.2)
w;=vifc, p=p[(p°¢), r=R/(p°ck), pi=p}/p" v=d/a.

Here p = (1 — ag)p} + appl is the density of the quiescent mixture and ¢ is the phase velocity of the wave to
be determined (ck = w is the wave frequency); the asterisk denotes dimensionless quantities (in what follows, the
asterisk is omitted). Substituting relations (2.1) and dimensionless quantities (2.2) into Egs. (1.3) and boundary
conditions (1.4)—(1.6), we obtain the following boundary-value problem.

The following equations are valid in the region occupied by the mixture:

() (B ey, D, T

ot o 0z
8"}/ 8U2 T auQ z 37 (9’)/
—_— 1 (—7 — ) a_ a. = Oa
o TG g ) Trea gy Y g,
0 0 0 0
Hl( N + U1z e + Uy, um) + L rag(1+7)(uz,e — u1,2) =0,
ot ox 0z ox
0 0 0 0 (2:3)
Uy, U Ui,z D
s 5 ’ s 1 — —
m( 5 T Ule g TuL: 5 ) + s rog(L + ) (uz,> —u1,z) =0,
Ous Oug 4 Ouo x) op ( 1
> z 2 P : —_— ——1- ) x x) = Oa
,u2< ot + Uz, ox +uz, 0z + ox trao Qg 7) (e, w,e)
Ous_, Oousg Oousg Op 1
: Ous, [ Quzzy b I . — i) =0.
pa (T e g a5 )+ ”O“)(ao 7) (2 = wn.2)
The following boundary conditions are set on the free surface z = {(t, z):
o 1 1 ¢
5= ao(a—o —1- 7)U1,z + ao(l +y)uz,, — [(04_0 —1- v)ul,w +(1+ v)uQ,w} p (2.4)
p =V —apy(m —p2)] =0,  v*=g/(kc?). (2.5)
The conditions on the bottom z = —h are
w.=0 (i=1,2). (2.6)

Equations (2.3) and the boundary conditions (2.4)—(2.6) constitute a nonlinear boundary-value problem for
determining the velocities of the wave motion of the phases, the perturbations of pressure and concentration, and
the shape of the free surface.

We consider the linear variant of problem (2.3)—(2.6). We assume that the amplitude of the surface wave is
small as compared to its length. Then, the boundary conditions on the free surface z = ((t,z) can be reduced to
the conditions on the fixed surface z = 0. To this end, we expand all the functions that enter Egs. (2.4) and (2.5)
into the Maclaurin series in the vicinity of z = 0, for example,

8’&1 z 1 32u1 z
z t7 ) = z t7 70 : o -
Wz (62, ) = wa(t2,0) + 0z ZZOC + 2 022 l:=0

G

In addition, it follows from nondimensionalization of (2.2) that the velocities of the wave motion of the
phases and wave perturbations are of the same order as (, i.e., they are small.

Taking into account the smallness of unknowns that enter system (2.3)—(2.5), we retain only linear terms
with respect to these unknowns in Eqgs. (2.3) and boundary conditions (2.4) and (2.5) expanded into a series in the
vicinity of z = 0. Thus, we obtain the following linear problem:

0 Oui,  Ouyp. Oy  Ouze  Ous.
faoiJr(liao)( U1, n U1,>:07 J+ U2, n U2, =0,

ot ox 0z ot or 0z
Ouy, Op B Ouy. Op _
M5, + 9 rag(uze —u1,) =0, Moy + 92 rag(us,, —ui,.) =0, (2.7)
8U2,x 8p N aU2,z ap _
H2 ot + % + T(l - 0‘0)(“2,1‘ - ul,a:) - 07 M2 ot + & + T(l - Oéo)(U27z - Ul,z) =0.
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For z = 0, we have

0
a—g = (1 — ao)ul’z + agus ;; (2.8)
p—1v%C=0. (2.9)
For z = —h, the conditions remain unchanged, i.e., in the form (2.6).

The solution of problem (2.7)-(2.9) has to satisfy some requirements. The relative motion of the phases and
the forces of interphase interaction are responsible for the dissipative process — decay of the wave motion. In the
absence of the disperse phase (ap = 0) or in the case of identical true densities of the phases (p{ = p9), the solution
of the problem should reduce to the known wave solutions for liquids [4]. The components of phase velocities uj ,
and wus , should satisfy the boundary conditions at the bottom (2.6). In the case of propagation of progressive
waves over the free surface of the layer, the solution of system (2.7) that satisfies the above requirements should be
sought in the following form:

u; - = (cosh (z + h)/sinh h)(A;sin (z —t) + B; cos (x — t)) exp (—bt),
u;,, = (sinh (2 + h)/sinh h)(C;sin (z — t) + D; cos (x — t)) exp (—bt),
p = (cosh (z + h)/sinh h)(K sin (x — t) + Lcos (z — t)) exp (—bt),
~ = (cosh (z+ h)/sinh h)(M sin (z —t) + N cos (x — t)) exp (—bt).

(2.10)

Here b = (/w is the dimensionless damping factor of the wave, 8 is the dimensional damping factor, and the
coefficients A;, B;, C;, D;, K, L, M, and N are constants to be found. Substituting expressions (2.10) into (2.7),
we obtain a system of twelve linear homogeneous equations for determining the unknown coefficients:

—(1—p)B1 4+ (1 —ap)Cy + bagM —agN =0, (1 —ag)A1 + (1 — ap)D1 + agM + bagN = 0,
—Bs +Cy —bM + N =0, As+ Dy — M —bN =0,
(cor — bu1)Ay — agrdo + p1By — L =0, —pu1 A+ (aor —bu1)By — aprBs + K =0,
(aor = bp1)Cr — agrCy + D1 + K =0,  —pCy + (aor — bpy) Dy — agrDa 4 L = 0,
—(1—ag)rAs + ((1 — ap)r — bug)As + poBas — L =0, —pugAs — (1 —ag)rBr + ((1 — ag)r — buz)Ba + K =0,
—(1 = ap)rCy + ((1 — ag)r — bu)Co + poDy + K =0, —p2Cy — (1 — ap)rD1 + ((1 — ag)r — bus)Ds + L = 0.

This system is a system of rank 10; hence, two unknown constants are free. The coefficients at K and L do not enter
the matrix forming the rank of the system; therefore, we consider them to be free. We determine the remaining
unknown constants as the solution of the system

1 papa(1—pa)(1+0%) 1 pipe(1 — pg)(1 4 b°)
m 1+b2( + d ) 2 1+b2( * d ) (2.11)
1 p2(1 — pa)(r — bpapz) (1 + b?)
= 1—|—b2( b+ d )
1 p1(1 = po) (1 — buape) (1 + b?) w 5
n2:1+b2(7b+ d )7 d:M1H2+(T*bU1N2) .

It follows from relations (2.10) and (2.11) that the perturbation of concentration of the disperse phase equals
zero in the linear approximation, and it is a quantity of a higher order of smallness than velocity and pressure
perturbations. Thus, Lobov et al. [2] assumed that the concentration was constant in their formulation of the
problem.

To determine the shape of the free surface, we have to substitute the relations found for w; , into Eq. (2.8)
and integrate the latter. As a result, we obtain

¢ =[(s1K + soL)sin (x —t) + (—s2K + sy L) cos (x — t)] exp (=bt) /(1 + b?),

10 (o (L0 pmpe) (o — pps) 2b (r = 2bppo) (0 — paps) (2.12)

L e d T TI e d :
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Hereinafter, 0 = (1 — ag)pe + appi. As for the usual surface waves [4], the free coefficients K and L can be
determined from additional initial data.

Using the solution (2.10)—(2.12), we can easily find the wave perturbations and the shape of the free surface
for a dissipationless motion of the mixture, i.e., for » = 0. In this case, we have b = 0, and relations (2.10) and
(2.12) coincide with the classical ones [4]. Note also that the solution of system (2.7) cannot be found in the form
of monochromatic waves [only with terms sin (z — t) or cos (z — t)], as it was suggested in [2], because in this case
the system of algebraic equations for the coefficients has the trivial solution only.

3. Phase Velocity, Frequency, and Damping Factor of the Wave. We find the dispersion relation
and the equation for the damping factor of the wave. Substituting the expressions for pressure and free surface
perturbations into the dynamic condition (2.9) and equating the coefficients at sin (x — t) and cos (x — t), we obtain

K(1+0b%) coth h = v?(s1 K + s5L), L(1 +b*) coth h = v*(—so K + s1L).
The condition of existence of a nontrivial solution of this system for K and L has the form (1 + b% — s;v% tanh h)?
+ (s2v? tanh h)? = 0, which is equivalent to the system
s1 = (14 b%)/(v* tanh h), sg =0, (3.1)
which allows one to determine the unknown phase velocity and damping factor of the wave. In addition, using the
resultant coefficients (3.1), we can write a refined expression for the shape of the free surface:
¢ = coth h[K sin (z — t) + Lcos (z — t)] exp (—bt) /v>.

To find the phase velocity and damping factor, we have to write the quantities that enter Egs. (3.1) in a
dimensional form. The equations become too cumbersome. To avoid this, we introduce auxiliary quantities, which
have the dimension of velocity: r; = c¢r = R/(p°k), b1 = c¢b = 8/k, and v = cv? = g/k. With the use of these
quantities, after simple transformations, system (3.1) becomes

(c+b1)2(r1 — 2u1pioby) = vitanh h,  2by(uips(c? +b3) + r1(r1 — 2u1pi2by)) = 71(0 — w1 o) tanh h.
Solving the resultant system with respect to ¢ and by, we obtain the following equations for determining the phase
velocity and the damping factor of the wave:

¢ = ovi tanh h/(pipe) + b1 (301 — 2r1/(pp2)); (3:2)
8ut b3 — 8puy puar1b? + 2(r? 4 opy povi tanh h)by — (0 — pype)riv? tanh h = 0. (3.3)
Equation (3.2) can be written in the form
= cf] +ci+ 2 (3.2a)
where
— 1-— ¢ — p3)%g tanh (ki
¢; =vitanh h = J tanh (kl), c3= g fakz v? tanh h = o Oéo)(plo 002) g tanh ( )’
k Bafi2 pipzk
2 2Rp"
St )= (5 )
pape/ k P1P2

Equation (3.2a) easily yields an expression for the wave frequency w? = ¢?k?. The value of cz is equal to the squared
phase velocity of the gravity wave [4], cﬁ > 0 1is the increment to the phase velocity due to the presence of the disperse
phase, and ¢? is the increment caused by the forces of interphase interaction. The function ¢2(b;) acquires negative
values for 0 < by < 2ry/(3uipe) and positive values for by > 2r1/(3u1p2). The value of the damping factor
by = 2r1/(3p1ug) is critical, since the forces of interphase interaction do not affect wave propagation in this case.
The value of ¢ is minimum at by = r1/(3u1p2): minc? = —r?/(3p2p2). In what follows, we introduce the notation
[min c2| = 12/(321:3) = 2,

The condition of existence of steady waves is the nonnegative value of the phase velocity squared: ¢ > 0. This
condition is equivalent to the nonnegative value of the squared polynomial for by in the right side of Eq. (3.2) and,
hence, to the nonnegative value of the discriminant of this polynomial, which is satisfied for v tanh h > 72 /(3p1p12).
This condition can be written as a restriction on the wavelength:

3gk tanh (k1) (p]p§ + ao(1 — ao)(p] — p5)%)/R* > 1. (3.4)
Condition (3.4) can be written using new dimensionless variables:
W= (Cg2] + CZ)/CIQIHH > L (34&)
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Fig. 1. Phase velocity of the wave ¢ as a function of the damping factor 3 for p3 = 1500 kg/m® and
oo = 0.1.

Fig. 2. Damping factor 3 as a function of the true density of the second phase p3 for g = 0.1 (solid
curve) and 0.05 (dashed curve).

4, m
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Fig. 3. Wave amplitude § versus the time ¢ for
ap = 0.1 and pJ = 1500 (solid curves) and
500 kg/m?> (dashed curves).

For W =1, the phase velocity of the wave acquires the minimum value

2 2

minc? = ¢ 4 c§ — 2y, = ovf tanh b/ (uiz) — 7/ ().

Before finding the solution of the cubic equation (3.3), we note that all the coefficients of this equation satisfy
the Hurwitz criterion of stability [6]. We solve Eq. (3.3) using the Cardano formula [7]

b= [—x/2 + (P4 + 320 A3 4 [—x /2 — (/A + 3 /2023 vy ) (Bpaps), (3.5)

where

Y = (Bopy i tanh h — %) /(12p3u3) = 2, (W — 1)/4 = (1/4) min ¢?,
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X = r1[2r] = Qpapio(o — Bpaz)vf tanh R/ (21645 13) = (3cin)*[1 4 3(3¢} /i — W)/2]/108.

It is known that the number of roots depends on the sign of the quantity @ = x?/4 + 13/27 [7]. In the
case considered, by virtue of (3.4a), we have Q > 0 for W > 1, and hence, formula (3.5) yields one real and two
complex-conjugate roots. Therefore, the solution of the equation for W > 1 is only one root, which is the real
root (3.5). The quantity @ can be equal to zero only if ¢ = 0 and y = 0 simultaneously, which occurs at W = 1 and
cf] =c2../9 (or ¢ = 8c2,./9). The equality Q = 0 corresponds to the minimum phase velocity and the damping
factor by = 71 /(3u1p2); ¢ = minc? = 0.

We give the final dimensional expressions for the pressure in the mixture and the shape of the free surface:

P = Patm — p°g2 + p°c®cosh (k(z +1))[K sin (k(z — ct)) + Lcos (k(z — ct))] exp (—5t) /sinh (kl),

¢ = c? coth (kl)[K sin (k(x — ct)) + Lcos (k(x — ct))] exp (—3t)/g,

Here ¢? is determined by formula (3.2).

4. Example of Calculations. To illustrate the obtained solutions (3.2a) and (3.5), we calculated the
wave-motion parameters in a layer of the mixture of thickness I = 100 m, which was caused by propagation of a
wave 1 m long over the free surface. It was assumed that the forces of interphase interaction were represented only
by the Stokes force of viscous friction, i.e., R = 91/(2a?). For undeformable spheres of radius a = 1072 m, for
n =1.004-1073 kg/(m - sec), the empirical coefficient was R = 45 kg/(m? - sec).

Figure 1 shows the phase velocity as a function of the damping factor of the wave. As is shown above, with
increasing (3, the phase velocity first decreases to cpin (in our case, ¢min & 1.27099 m/sec), which corresponds to
B =Rp°/(3p9p9) (in our case, 3 ~ 0.01 sec™!) and then increases; the action of interphase friction is not manifested
for B =2Rp°/(3p%p3) (in our case, B ~ 0.02 sec™1).

Figure 2 shows the damping factor as a function of density of admixtures. It follows from Fig. 2 that the
wave decays much more rapidly if the disperse phase is less dense than the carrier medium.

From the resultant expression for the free surface shape, we can derive a formula for the wave amplitude.
For K = L, the amplitude is determined as

6 = max &(t, x) — miné(t, ) = E(t, 20) — £(t, 1) = 2v2coth (kl)K exp (—ft) /v,

xo = \/8 +ct, x1 = 5A\/8 + ct.

Using this expression and Eq. (3.5), we can readily verify that the time of wave decay for admixtures of density
p9 < pY is several times smaller than in the case p > p!.

Figure 3 shows the decrease in the wave amplitude for K = 1 and a9 = 0.1. The initial values of the
amplitude are 0.1 and 0.2 m. It follows from Fig. 3 that the waves on the free surface of the mixture with particles
less heavy that the carrier liquid decay much more rapidly than waves with heavier particles. Thus, for the case
illustrated in Fig. 3, the decay time differs approximately by a factor of 7.

REFERENCES

1. M. Louared and A. Saidi, “Pointwise control and particle analysis for parabolic equation,” in: Proc. of the 7th
Int. Symp. Fluid Dynamic (Beijing, Sept. 15-19, 1997), S. L. (1997), pp. 228-234.

2. N. I. Lobov, D. V. Lyubimov, and T. P. Lyubimova, “Behavior of a two-layered system liquid—suspension in a

vibrational field,” Izv. Ross. Akad. Nauk, Mekh. Zhidk. Gaza, No. 6, 55-62 (1999).

R. I. Nigmatulin, Dynamics of Multiphase Media, Part 1, Hemisphere, New York (1991).

L. N. Sretenskii, Theory of Wave Motion of a Liquid [in Russian], Nauka, Moscow (1977).

5. V. A. Barinov and N. N. Butakova, “Surface waves on a layer of a disperse liquid,” in: Mathematical and
Informational Modeling [in Russian], Tyumen’ Univ., Tyumen’ (2000), pp. 57-63.

6. M. A. Lavrent’ev and B. V. Shabat, Methods of the Theory of Functions of a Complex Variable [in Russian],
Nauka, Moscow (1987).

7. A. G. Kurosh, Course of Higher Algebra [in Russian], Nauka, Moscow (1971).

Ll

018



